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Abstract 



It is demonstrated that the thermal structure of the noncritical 
free Bose Gas is completely described by certain periodic generalized 
Gaussian stochastic process or equivalently by certain periodic gener- 
rS I alized Gaussian random field. Elementary properties of this Gaussian 

d • stochastic thermal structure have been established. Gentle pertur- 

bations of several types of the free thermal stochastic structure are 
studied. In particular new models of non-Gaussian thermal structures 
have been constructed and a new functional integral representation of 
the corresponding euclidean-time Green functions have been obtained 
rigorously. 
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1 Introduction 

A variety of existence and analycity results — also constructive ones — have 
been rigorously obtained for some realistic models of nonrelativistic quan- 
tum matter in thermal equilibrium (see |l|, 0, H, ^, ||, H, |^, K). Nevertheless, 
a number of basic questions on the origin of the fundamental macroscopic 
quantum phenomena such as superconductivity, superfluidity, etc. p, |10[ are 
still out of rigorous demonstrations in the above mentioned realistic treat- 
ment. Only for mean-field-like and exactly solvable models a mathematically 
well defined analysis of these phenomena has been performed |Tl|, |12|, |13|. It 
is worthwhile to mention here the recent activity on the superconductivity 
problem in Fermi matter models of physical interest fl^, |15| , which is based 
on the rigorous renormalization group approach invented by Gallavotti and 
his coworkers |jT6|. 

The main objective of the present series of papers is to construct a class of 
models of selfinteracting nonrelativistic Bose matter in a thermal equilibrium 
for which a rigorous discussion of the Bose-Einstein condensation, as well 
as other phase transitions, would be feasible. In order to approach this 
goal, we intend to use extensively methods inferred from the Constructive 
Euclidean QFT. In the first paper of the planned series the stochastic content 
of the fundamental W* — KMS structure of a free, noncritical Bose gas 
1^ is described. We prove that the abelian sector of the Weyl algebra 



may be described by a certain generalized periodic stochastic process with 
values in V{]R'^) (the space of the Schwartz distributions) and, what is more, 
that a reconstruction of the whole thermal structure can be derived from it 
(see prop ^]5| below). Similar situation do also occur in the case of the 
critical Bose gas when the underlying process is nonergodic [|18|. Having 



described a free Bose gas in terms of stochastic processes, one may perturb 
them with multiplicative (-like) functionals, thereby creating some new non- 
Gaussian thermal processes. Furthermore, given such a process, one is able 
to reproduce its W* KMS counterpart by methods of [|r^, |T^, |2D|. In this 
article we shall confine ourselves to the simplest case of perturbations, which 
we have called (after pT|) gentle perturbations of a free thermal process. 
Using standard tools of statistical mechanics [^ such as, for example, the 
Kirkwood-Salsburg analysis, the correlation inequalities of 0, homogeneous 
limits, we provide a class of Euclidean invariant models of selfinteracting 
Bose matter that can be controlled rigorously, as we shall demonstrate in 
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section 3. 

The unbounded (of polynomial type) perturbations of a free thermal 
structure will be studied in another paper of this series [0 . In the critical 
region nonergodicity is preserved under gentle perturbations (cf. the second 
part of [jlSl), but whether this is related to arising of the Bose condensate in 
an interacting system remains to be resolved. 



The pioneering paper of [^ and the following ones [£^, |2J, ^ have pro- 
vided, among others, the major inspirations for our own Euchdean attitude 
to many bosons physics. The methods of classical statistical mechanics have 



been already applied to the studies of certain quantum systems in PH, EBl E7 



and, to some extent, our approach to an interacting Bose gas resembles that 
of the authors just quoted. 

2 Free Bose Gas(es). Euclidean Aspects 

The main aim of this section is to point out certain stochastic aspects that 
arise in the Euclidean time of the thermal structure describing systems of 
noninteracting Bose particles being in the thermal equilibrium at (inverse) 
temperature (3 > and the chemical activity z. Most of the results obtained 
below apply well to the case when the kinetic energy function S{p) of the 
individual particle is such that: 

(*) VtgjR_|_e~*^(P^ is positive definite continuous function of p G JR'^ or equiva- 
lently that 

(i') {e^*^*^~*^\ t > 0} generates a semigroup of positivity preserving opera- 
tors on L2{M'^). 

The most general form of such functions is given by the Levi-Khintchine 



formula (see e.g. [EH, 



£[p) =a + ih-p + p-C-p- he'P'' - 1 - iph{x)]r{dx) (2.1) 

where: a is some real constant, b is some vector in M'^; C is some nonnegative 
definite matrix and r is some nonnegative measure on M'^, called the Levy 
measure, such that /jjd 1 A \x\'^r{dx) < cxo, where x Ay = min{x,y}] h is so 
called cut-off function with the compact support and satisfying h{x) = a; in 



some neighbourhood of the origin (see e.g. ||2^ for explaining the role played 
by the cut-off function h in this scheme). In particular the functions £{p) = 
|p|°; < a < 2 or S{p) = \^p^^fmF belong to this class. The common feature 
of all such functions is that the corresponding semigroups {e^*^^^*^\t > 0} 
are generated by stochastic Markov processes with stationary independent 



increments known as Levy processes p8| , p9 |. 

The kernels of the semigroups {e"*^*^"*^-', t > 0} denoted as IC\ {x,y) 
have explicite expressions throughout the corresponding path space integrals 
[p9|] . This enables us to apply the methods of |(l| to reproduce (up to some 
extent) the basic results of 0, H, H @] for interacting gases with nonstandard 



kinetic energy. The corresponding results shall be reported elsewhere [^ 

In the present paper we confine ourselves to the choice: 
£{p) = p"^ called the standard Bose gas, and 
S{p) = y/p'^ + rn?, m > called the semirelativistic Bose gas. 

In the case of standard Bose gas the corresponding path space integral is 
well known as Wiener (conditioned) integral and in this case the correspond- 
ing transition function has a kernel 

^K-,y)=(^eH^-lV(-)^^^ (2.2) 

In the case of semirelativistic Bose gas the corresponding transition function 
has a kernel 

^r(^'?/) = ^^i, ^r/C:(x-y) -^^ (2.3) 

with fast exponential decay as \x — y\ /" oo for m > and in the case m = 
equal to the well known symmetric Cauchy density: 

2.1 Global Aspects 

Let W{h)he the abstract Weyl algebra built over the one-particle space h = 
L2{IR'^) equipped with the standard symplectic form a{f,g) = Im {f\g)- For 
a chosen kinetic energy function £{p) as above we define free thermal state 



cUq ' on the algebra W{h): 



where: 



u;il'''\w{f))^exp-y dp\f{p)\'C^{p) (2.5) 



c^ip) - T^— ^; (2.6) 



ze 



-/3£(p) • 



< f3 is the (inverse) temperature, z = e"^^ is the chemical activity and n 
is the chemical potential. The values of z (corresponding to the noncritical 
regime of the free Bose gas exclusively considered here) are restricted to: 

< sup ^e-'^^^P) < 1 
p 

which in the case S{p) = p^ or £{p) = \p\ corresponds to < z < 1 (resp. 
(/i > 0)) and < ze~^"^ < 1 (resp. /i > —m) if m > and S{p) = y/j^^Trn?. 
Some elementary properties of the free thermal kernel Cq{x) are collected 
in the following proposition. 

Proposition 2.1 For any noncritical value of z the corresponding free ther- 
mal kernels Cq{x) have the following properties: 

(i) Cq{x) = 5{x) + Rq{x), where Ro{x) > for any x G -K'^ and Rq{x) G 
S{IR'^) if S{p) = p^ or S{p) = y/p'^ + m'^ with m > 0. 

(ii) if £{p) = \p\ then Cq{x) = 5{x) + Rq{x) where R!q{x) > and Rq G 
Co(iR^) n Li{]R^) n C°^{R'^). 

Proof: 

From the assumption sup ze''^^^^^ < 1 we obtain an equality: 

p 

C^{p) = l + R^,{p) (2.7) 

where R^{p) = 2E^=i ^"e'/^^^^P). 

From the positive-definitness of the function p G JR'^ — > g-^^ip) for each t > 
0, it follows that for each n, exp{—j3nS{p)) is the Fourier transform of some 
positive measure dfj,^ on M*^. Moreover from the fact that exp —Pn£{p) G 
SilR"^) in the case (i) it follows that rf^uf (x) = p^{x)d'^x , with p^{x) G 5(iR'^). 



By elementary arguments it follows that also I]^i -^"exp —(3n£{p) G S{1R'^) 
in the case (i), therefore we conclude that all assertions of (i) are valid. The 
conclusions of (ii) follow from the explicite form (2.4) of the corresponding 
kernels and elementary arguments. 
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Let {Ho, Qq, ttq) be the corresponding GNS triplet obtained from (yV{h), 
Jf'"^). Then defining a?(7ro(Vr(/)) = 7io{W{z-''/'^e''^^P^f)) we obtain an a- 
weakly continuous group of automorphisms of 7ro(W(^))". It is well known 
that the system Co = (T^o, ^o, «?; 7ro(W(/i))") forms a W*-KMS system in 
the (inverse) temperature j3 (see i.e. [[l^])- The corresponding multitime 
Green functions of the system Cg are given by: 

Goiih, /i), . . . , (t„, /„)) = u;if''\al{MW{fi)) . . . a°j7ro(H^(/„))) = 

= n [exp^a((t„/,),(t„/,))x (2.8) 



X exp -i / Kip)fjip)GoiU - tj;p)dp] 

where: 

a{iU, /,), (t„ /,)) = Im < ^-W/3e^*.£(p)/;|^-t.//3e^*.£(p)/. > ^ (2.9) 

-it/p ite{p) I l+it/f3 -{l3+it)£{p) 

By elementary arguments they can be extended analitically to the holomor- 
phic functions Go((Ci, /i), • • • , (Cn, /n)) of C = (Ci, •••,(«) G T^ = {C = 

n-l 

(Ci,...,Cn) e C«|...ImO < ImCm < ..., E (ImCm - ImO) < /?} and 

continuous on T„. The restrictions of the analitically continued Green func- 
tions to the so called Euchdean region E^ = {z G C"'\ Rezi = 0; — /3/2 < 
Im^i < ... < Im2;j < Im2;j+i < . . . < (3/2} will be called Euclidean Green 
functions of the free Bose gas and their full collection extended to U W{h) ^^ 

n>0 

by linearity will be denoted by ^D^. The following abbreviations will be used: 
E^'+ = {(5i,...,5„)Gi?f|0<5,}; (2.11) 



S'^iSt...Sl)eE^,; (2.12) 

W'' = {W^,...,W^)eW{hy'- (2.13) 

G'vv^fc(S ) = G^r^^/^{Si,...Sk) (2-14) 

f'^{h,...,h)eL,{My- (2.15) 



S/^O fck\ — Er^Q (Q a \ 

Er-iQ ( a a \ 

- '-^iy(/i),...,W(/fc))Pl'---''^fcJ 



(2.16) 



S^* = {-Sk,...,-Si) for S'^GEf; (2.17) 

W'=* = (W^+,...,W^+) for W'^ = {Wi,...,Wk); (2.18) 

(W", S") = {{W,, 5i), . . . , (W^„, 5„)) (2.19) 



Proposition 2.2 Let ^C" = {^Gw,,...,w,{Su ■■■, Sk)\W, G W{h), {S,, ...,Sk)e 
Ej!} be the collection of the Euclidean Green functions of the free Bose gas in 
the noncritical regime. Then the collection ^G^ has the following properties: 

EG(1) (i) for each fixed W^ G W{h)'^^ the map 
E^, 3 S'^ ^^ G%,,{S') 
is continuous 

ik r- TP^ 



(ii) for each fixed S G E^ the map 



Wih)""" 3W'' ^^ G%,{S''^ 



is: multilinear and for any f^ G L2{M'^)^^ the map: 
is continuous and obeys the estimate |'^G'ffc(S^)| < 1. 
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(iii) for any S'' e E^ and any S G [-/3/2,/3/2] such that Sk + S < {3/2 
the Euclidean Green functions are locally shift invariant i.e. for 
anyW^ eW{hY^: 

where S'' + S = {Si + S, . . . , Sk + S). 

(iv) for any W^ G >V(/i)^^, any S^ : ^i<i<k-iSi = 5'j+i we have the 
equality: 

E/^O /'Cfc\ _E r^O {ak 

where Wf,) = {Wi',1 . . , W,.,, W, ■]¥,+,,..., W^) 

^(i) ~ ('-'1' • • • ? '-'i) ^i+2, • • • ) ^k) 

(v) for any W'^ G VV(/i)^^ : 3i<j<jfc : Wi = 1 the following equality 
holds: 

where 

(,)W('^-i) = (Pyi, . . . , W,_i, W.+i, . . . , W^fe) 

(i)S^ = (5*1, . . . , S*,-!, 5*4+1, • • • ^k) 

(vi) ^^5(0) = 1 

EG (2) (OS-'positivity) 

For any terminating sequences 

w = (w^w^...w^...), s = (s^...,s^...) 

S'=GSf'+ /or a// A; = 1,2,... 
E''Gw-,wKS''*,S')>0, (2.20) 

EG (3) For any terminating sequences 

w = (w°, w\ . . . w^ . . .), s = (s°, . . . , s^ . . .) 

S '^ G Ef '+ /or a// A; = 1, 2, . . . an(i for any f G L2(iR'^) : 
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E ""Gl^^^Mw^i^"'*^ 0' 0' S^) < E ''G'^^wKS ''*, S ') (2.21) 
EG (4) (weak form of the KMS condition) 

Let Gyi/p jy^^(Di, . . . , D„) = Gp^jjj^^ jy^(— 2, Ol — 27 • • • ; "Jn — f) /^^ 

^<Si<...<Sn<(3. Then for each n, W"+i G W(/i)^" 

(2.22) 

^Wri,Wo,--;Wri-i\P ~ '-'"' P ~ *-'n + '-'1; ■ ■ ■ J P — Jn ~^ ^n-l) 

EG(5) (Euclidean invariance and uniqueness of the vacuum) 

Under the natural action T^a,A} of the Euclidean Group of Motions E(d) 
on the Weyl algebra W{h) the Euclidean Green functions are 

(i) invariant 

(ii) have the cluster decomposition property, i.e. 

for any W'^ G >V(/l)^^ W G W{hy\ S'' G E^, S' G Ef : 

, lim G° w-w^(S^SO =^ G°v.(S') •'' ^wKS') (2.23) 

|a| KX) i"'"-! 

Proof: 

Let us consider the free gas GNS iy*-KMS structure (To = (TCq, Qq, q;°, 
7To{yV{h))"). By the Araki theorem ^l|] the Euchdean Green functions are 
represented as: 

^GV(S") = (nolai^iMiWi)) . . .a°,„(7ro(iy„))fio) (2.24) 

and by the very definition of (Tq- 

4^'^W(/)) = (^0, MWifmo) (2.25) 

Now everything follows easily from (2.24) and the Araki theorem. In partic- 
ular the OS positivity EG{2) follows from the fact that the l.h.s. of (2.20) 
can be written as: 

{l.h.s. 0/(2.20))= (fioKE ft <yl.MW{ftJ))r 

\ k lk=l 'k ^2 Of)) 

■(E ft <. iMWiftjmo) 



The weak form of the KMS-condition, formulated as -^(7(4) can be observed 
easily from the explicite formulae (2.8) for the corresponding Green functions. 

D 

Remarks 

As it was demonstrated in [^ the multitime Euclidean Green functions of 



any C*-(or iy*)-KMS structure obey similar properties EG{1)-^EG{A) with 
the obvious modifications of the continuity properties EG{2){ii) and EG{3). 
It can be checked using the basic results of [H, ||, ||, ^ that the Euclidean 
Green functions of Dilute Bose gases (and also of Dilute Fermi gases built 
over the CAR algebra over h) in the regime considered by Ginibre Q] obey 
the system EG{1)^EG{5). The detailed study of arising modular structures 
(see below) are now under investigations. The Euclidean Green functions of 
the critical Bose gas also obey properties similar to EG{1) -i- EG{5i) and their 
restrictions to the Abelian sector (of the Weyl algebra) fulfill also EG{6) (see 
below). 

D 

The complex subalgebra A{h) of >V(li) generated by the elements W{f), 
with f = f will be called an Abelian sector of yV{h) and the corresponding 
free Euclidean Green functions restricted to A{h) will be denoted by ^^Eq. 
For — |<Si<...<s„<|we have the following formulae: 

^^Go((si,/i),...,(s„,/„))= n exp-^S^{s,-s„f,^U) (2.27) 

where: 

S^{s, U ®fn)= j S^{s,p)Wl^fAp) dp; (2.28) 

s/l3 -se{p) , l-s/p -(f3-s)£(p) 

^o(^-P) - 1 _;,-«,.) (2-29) 

The periodic extension of Sq{s,p) to the whole IR shall be denoted by the 
same symbol. The fundamental properties of the free thermal kernels Sq{s, x) 
are collected in the following Proposition. 

Proposition 2.3 



1. Let Sq be the free thermal kernel (\2. 29[ ) with £(p) = p^ or £(p) 



\Jp^ + vrfi , m > 0. Then for any < s < f3; z noncritical: 

(i) 0<S^is,-)eSilR')zfseiO, /3) 

(ii) S^{0, ■ ) = S^{f3, ■) = C^{-) m V'iM^) sense. 

2. Let £{jp) = \p\, then for any 0<s<P,0<z<l 

(i) < S^{s, ■ ) G LiiM'^) n Co(iR^) n C°°(iR'^) ifs G (0, f3) 
(ii) 50^(0, ■ ) = S^{f3, ■) = C^{-) m V\M^) sense. 

3. For £{p) = p^ or S{p) = ^Jpi^ + vri^ , -m > the kernel Sq is stochastically 

positive on the space -L2(-^/3 x -K'^)? i-G. for any gi, g2 G L2{Ki3); fi, 
. . . ,fn & L2{JR ), Ci, . . . , Cn & C : 

n 

J2 C^C-pS^oiQc ® fAap ® //3) > (2.30) 

o,/3=l 

where 

S^,{g®f\g'®f') = j^s jys'W)9\s') j dx j dyJ(^f{y)S^,{\s~s'lx-y) 

(2.31) 

4. For S{p) = p^ or £{p) = i/p^ + m'^, m >0 the kernel Sq is OS positive on 

the circle Kp, i.e. for any ti, . . . , tn in[0, [3/2], fi, . . . , fn & -^2(-^'^)? 
Ci , ■ ■ ■ , c„ G C .■ 



Y^CaCp J dx J dyS^{t^ + t^\f^® ff,) > (2.32) 



a,/3 

Proof: 

From the assumption sup ze~^^^^^ < 1 it follows that: 



p 

n>0 



SSis,p) = Y.Fnis,p) (2.33) 

where: 

Fn{s,p) = 2«+^//3e-(/3"+^)^(P) + ^n+l-s/P^-mn+l)-s)£ip) (2.34) 

10 



So, if S{p) = p^ or £{p) = y/p'^ + m'^, m > then Fn{s,p) E S{]R'^) for each 

oo 

n > 1 and n = if s G (0, /5). In this case also ^ z"' exp {—Pn£{p)) e 

n>l 

S{1R'^). Taking into account that 

\n>0 / 

it follows that also S^{s,p) G ^(iR'^) if s G (0, /3). Moreover S^{s,x) > for 
any x G iR*^. 

Similarly, if S{p) = \p\ than we have: 

Sois, P) = f E 2"e-^"IPl I (^^/'^e-^IPl + ^i-^//3e-(/5-^)H) (2.35) 

\n>0 / 

therefore from the continuity of Fourier transform and (2.4) we obtain 



So{s,x) = J2 



z c 



„>o (/32n2 + \x 



2\d+l 



z'/f^c z^-'l^c 



(s2 + IxH'^+l (/5 - s)2 + |a;|2)rf+i 



E^ 

ra>0 



n+s//3_ 



C 



(2.36) 



((/3n + s)2 + |x|2)'^+^ 



+ E 



n+l-s//3 



^t)"" ((/?(n + l) + s)2 + |x|2)^^ 



Because the above series are uniformly convergent on IR^ and define a con- 
tinuous function with decay at least as r for Ixl T oo, which is 

(S2 + |x|2)'^+i 

integrable provided s > 0. 

Although the claims 3 and 4 follow easily from a basic characterization 



theorem of KL |^ we present simple proofs of them for reader's convenience. 



Expanding into the Fourier series the periodic function S^{s,p) we obtain: 
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Because all the Fourier coefficients in the expansion ( p.37| ) are positive the 
stochastic positivity ( p.30|) follows. The OS positivity of one-time Euclidean 



Green function is a general feature of all KMS systems as was demonstrated 
in 



T9|| . The straightforward proof of 4) is as follows. Let 
(ro = (^o,f^o,vro,«°; no{W{h))") 
be the basic GNS 14^*-KMS system of the free Bose gas. Then we can write: 

"./3 " (2.38) 

> 
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Remarks 



1. Let /ig be a nonnegative, selfadjoint generator of unitary group U^ = 
^-it/(3^-tte{p) acting in the space h = L2{1R^) and let dP'^ be the corre- 
sponding spectral measure of h^. Then defining the covariance operator 

acting in h by definition: 

'f,T^o9)^S^o{s\f®9) (2.40) 



.13 



we see that the kernel 5'o (s|/ ® (?) belongs to the class of kernels con- 



sidered in 32 



Let us observe that the periodic kernels ^Sp{s,p) = Fn{s,p) for each 
n also have the positivity properties stated in the points 3) and 4) of 
proposition ^^. This leads to an interesting decomposition of the free 
thermal process ^° defined below as a sum of independent OS-positive 
Gaussian processes ^^ '", which have covariances equal to "'Spi^s, p). This 
decomposition might be eventually used to develop a rigorous Renor- 
malisation Group Analysis of interacting Boses Gases. 
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Proposition 2.4 The collection ^^Gq of the Euclidean Green functions of 
the free Bose Gas in the noncritical regime obeys the properties EG(1)-EG(5) 
of proposition \2.i\ and additionally: 



fi e L,{]R' 



EG(6): (stochastic positivity) 

forany: S'eE^,,f = ift ...,ft): ft 



v^ Er^o 



k,l 



a 



/"*,/' 



>0 



(2.41) 



Proof: 

From assertion 3 of Prop |2.3| it follows by standard construction (see i.e. 
[ P^ , P^ ) that there exists a Gaussian process (^°)tex^ indexed by L^(iR'^), 
with mean zero and the covariance given by Sg (t, x). The r.h.s of ( p.41|) can 
be rewritten in terms of (^^) as 



E 



"fc 



EHexp. e;// 



k if=l 



n 

Having defined a system of Euclidean multitime Green functions with the 
properties listed in Proposition ^]2| we can apply the constructions of pO| to 
build certain H^*-KMS structures. The interesting aspect of the proposition 
below is that the system of Euclidean Green functions of the free Bose Gas 
restricted to A{h) already contains all information of the free Bose Gas. 

Proposition 2.5 Let S{p) = p^ or £{p) = \/p^ + m'^, m > and let z be 
noncritical. Then 



There exists a unique (up to a unitary equivalence) W*-KMS system 
^(E = {^Ho, ^fio, ^Ot) ^mo) O'nd a bounded * -representation ^ttq of 
yV{h) such that: 



(t) %o(>V(/i))C^mo, 

(a) the multitime Euclidean Green functions of^G^o restricted to ^TrQ(yV{h)) 
coincide with ^Eq. 
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^mo = W^*{X(''^oW/i)))...X(''vroW/n)))}, 

2. There exists a unique (up to a unitary equivalence) W*-KMS system 
^ = {^'Hq, "^fio, ^dt: "^mo) (I'lT-d a bounded * -representation "^ttq of 
A{h) such that: 

(i) ^TX^{A{h)) <Z^ m, , 

(a) the multitime Euclidean Green functions of the system ^q re- 
stricted to ^T^oi^Aih)) coincide with ^Gq. 

( %%% I 

^mo = IV*{X(^^o(W^i)) . . . V„(^^o(W^n))} , 
forW^,...,WneA{h). 

3. Both systems ^(Tq and AJ'q are unitarly equivalent to the GNS W* KMS 
systemWo = (T^o, ^o, «?, 7ro(>V(/i))") . 

Proof: 
Step 1. 

In the first step we apply in a sketchy way a general construction of [^ (see 



also |T^) to which we are referring for more details. Because in both cases 
the constructions of ■^(Tq and ^q are identical we shall restrict ourselves to 
the construction of ^(Tq only. 

Let V^ be the free complex vector space built over the set {{W ", s ") | s " g 

E^'~^}. Then we divide V^ by the natural relations arising from the proper- 
ties EG(l)(i), EG(l)(iv), EG(l)(v) and EG(l)(vi) obtaining a complex vector 
space V^. The following sesquilinear form 

(2.42) 

defined on V^ is nonnegative by EG (2). The corresponding Hilbert space 
will be denoted by ^Tio and the corresponding classes of abstraction will be 
denoted by square brackets " [ ]". 

Lifting the natural action ^ttq of W(^) on V^ , defined by 

^7fo(M/)(iy", £") = m,W^)-^ (0>£")). 
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to the space ^T^o we obtain a *-representation of W{h) in '^T-^o which is 
bounded because of EG(3). 

Lifting the local shift transformation given by EG(l)(iii) into the space 
^TCq we obtain a uniquely determined selfadjoint generator ^Hq. Defining 

^^0 = [(1,0)] G ^Ho we have that for any [(ly", s")] G ^Hq: 

^c^WMWi)) ... V.,(%(W^n))^fio = [{W-, £")]. 
Moreover, the vector valued maps: 

n 

E^'+ 3 3^-^11 V.,(''vro(W,))^fi G n' 

k=l 

can be holomorphically extended to the tube T^ being continuous on the 
boundary dTJ^. In particular it can be proved (see [^) that the vector 
^VLq is cyclic and separating for the iy*-closure ^mo of the *-algebra gen- 
erated by all products: ^a^^(%o(W^i)) • • • '^«tL(^n)) where ti, . . . , t„ G iR; 
Wi, . . . , Wn G W{h). Thus we have sketched the construction and the proof 
that %o = ( ^^0, ^^o; ^tt°; ^mo) forms a W* KMS system. The Eu- 
clidean Green functions of the system ^(Eq are equal to ^Gq by the very 
construction. Let X = ( ^^o, ^%^ ■^«?'; ^m[,) be another W* KMS sys- 
tem whose the Euclidean Green function coincide with ^Gq and such that 
^mo D ^7r^(>V(/i)) for some ^vr^ G Rep*(>V(/i), L( ^7^;,)) and -^m;, = 
W"*{^<'(X(W^i)) • • • ^oP^Ji^Ti'^iWu))}. Then the isometry 

J : X(^VW^i))---X(''^o(l^n))^^o 

V/( X(W^l)) • • • V„'( X(W^n)) ^fi[, 

can be extended to a unitary operator such that j ^VLq = ^fio] ^a^ = 

Step 2. 

In the second step we identify the iy*-KMS system ^(To with(ro. Although 
this identification follows from Section V of [^ we present straightforward 
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proof below. To start with let us define a linear space V^ generated by: 

{ V.„( %(W^(/n))) • • • V..( %(W^(/l))) ^^Ol 

From the step 1. we know that V^ = ^Tio and for any /" G L2(iR'^)^" the 
map ~ 

n 

can be uniquely extended to a holomorphic, vector valued function on the 
tube T^ and this extension gives also the holomorphic extension of the cor- 
responding Green function, 
Computing the r.h.s. of 

( V.„(%(W^(/l))) ■■■ Vn(''^0(W^(/n)))^fi0, 

V(W^(/)) V.J%(W^(^i))) ■■■ V..(%(W^(U))^fio) (2-43) 

= G'°((7n> -i^n), •••,(7i, -iri)- {f,t), {gi,isi), ...,{g^,is„ 
with the help of the formulae (2.8) and comparing it with 

( V.„(%(w^(/n))) ... Vn(''^o(w^(/i)))^fio; 

|^[^-*/V*^(p)/] . V^J^,ro(W^(^„))) ... V.,(%(W^(^i)))^^o; 

(2.44) 
we conclude that: 

^a° ( %(W-(/))) = ^TTo {W{z''/^e'''f)) (2.45) 

on a dense domain V^ and thus on "^Tio. 
Defining a map, 

JE : V.„(%W/n)))... V.,('^^o(W^(/i)))^fio 
— . a°,„(7ro(l^(/„))) . . .<(7ro(W-(/„)))l]o G Ho 
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(2.46) 



we obtain a densely defined with a dense range isonietry from -^Tio to TYq 



wliicli extends naturally to a unitary map Je- From ( 2.45 ) we have: 



JE ''a'lj-^ = «° , 3E ^^0 = ^0 and ^mo = 3E^T^oiW{h))" je • 

Step 3. 

In the third step we identify the iy*-KMS system ^q with(ro. The following 
lemma, whose proof is translated into the fourth step below plays a basic role. 



Lemma 2.6 Let S{p) = p^ or S{p) = \J'p^ + m^ , m > 0. Then the set of 
functions 

V = {e^*^(^)/(p)| t eR;f = Je L^ilR")} 

is M-linearly dense in L'^{IR'^). 

It is because the Euclidean Green functions restricted to the abelian 
sector A{h) of yV{h) obey the properties EG(1)-EG(4) we can apply the 
construction presented in the step 1. obtaining again a iy*-KMS system 
"^To = {^Ti-o, "^^0, "^ttt; ^mo) where "^mo is the iy*-algebra generated by the 
operators ^a° (^7ro(iy(/i))) . . . ^a°^( ^7ro(iy(/„))), where ^ttq is the corre- 
sponding representation of A{h) in L{^7io) and all fi are real. From the 
cyclicity of ^Qq under the action of ^mo it follows that the set of vectors 

^ali\oiWifm...^ali\oiWif^)))^n, 

is linearly dense in ^Ti.Q. Defining a map 

JA : X(^^o(W^(/i))) ... V„(^vro(iy(/„)))^(]o 
-^ aliMWifm . . . al{MW{fn)mo 

^no(wij:e''-'''f^)]no n exp{-ta {e^'-^y^; e^'^^y^)} 

\ a=l ) l<a</3<n 

(2.47) 
we see that it is an isometry with dense range because of Lemma |2.6| . More- 
over ja(^fio) = ^0. 
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(2.48) 



Computing 

(n \ m 

1=1 ) k=\ 

n 'm 

1=1 k=l 

we obtain 

Cm \ m 

n ^<i^MW{gk))) Ja = n <^liMW{gk))) , (2.49) 

k=l I k=l 

therefore applying Lemma ^^ again we conclude that: 

jA{^uio)jl = no{W{h))" (2.50) 

Let us observe also that the map 

^no : W fee^*"''^/«) ^ IT exp{za (e^*"Va, e^*^^/^) IT ^<i^MW{fa))) 

\ a / l<a<l3<n a 

(2.51) 
can be extended to representation of the full Weyl algebra W{h) in L( ^Ho) 
and moreover the obtained representation extends "^ttq. For this, let us ob- 
serve that: 



'^olwiY^e^'-'^y^)^ 



n exp{za (e^*"'^7a, e^*'''^;^)}!! X(^^o(^(A))) 

l<a</3<n 7 

n exp{za (e^*"'^^^, e^*'''7/5)}jA' fn<(^o(W^(A)))) Ja 

l<a</3<n \ 7 / 



JA'(vro(iy(i:e^*^'77)))jA, 



(2.52) 
by using ( p.49| ), and the fact that ttq is a representation of VV(/i). From 



lemma ^^ we know that for any g G L2{M'^) there exists a sequence 

(r„...XJ,ifi,---JZ)eL,{M' 



such that Z^fcexpjit^/i'"}/^ — > g in L'^{IR'^) sense. 

Because ttq is L2{M'^) continuous representation of yV{h) it follows that 
the limit 

Jimj-i(^7ro(^iy(Ee^*^^7.")))jA 
exists in the weak sense, therefore we conclude that also 
lim n expWfe^'L'^V,"^, e''^^''' fr)}l[^<i^MW{f,))) = MWig)) 



o— >oo 

l<fcQ</ci<n 7 



(2.53) 
exists in the weak sense. Now it is easy to check that ^vr as defined in 
(|2.53|) really *-bounded representation of W(/i) in Li^^Tio) and such that 



^7ro|^(ft) = ^ttq. 



D 



Step 4. proof of Lemma 2.6. 



The operator e**^ acts as e**'^/ = (e**^ /j^", where' and ~' denote the Fourier 
transform and its inverse. Let us take g G Cc{JR'^) which is a dense subspace 
in L2(iR'^). Let gi{p) = i[c/(p) + g{-p)] and c/2(p) = i-[^(p) - g{-p)] be 
hermitian parts of g. Because gi is the Fourier transform of a real valued 
function we may write 

n n 

k=i ^ k=i (^2.54) 

= \\W2ip) - i E fkiP) sin(tfcp2)||i2 
fc=i 

so it is enough to show that for every e > there exist real valued functions 
/i, ...,/„ G L'^{R'^) and h, . . . , t„ G iR such that 

n 

Mp) - E A(P) sm(tfe/)||L2 < £ . (2.55) 

fe=i 

Let i? denote a ball in M'^ of radius c > such that supp(7(p) C B. Let 
/fc(p) = ak{p)g2{p), where afc(p) G Cq{IR'^) n L^{R'^) and afc(p) = afc(p) = 
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ak{\p\)- It is clear that fk{p) is hermitian and belongs to L'^{IR'^). Then 

n 

\\92{p) - J2 fkip) sin(tfc/)||L2 

'==1 ^ (2.56) 

< Il5'2||oo||l - Yl ^k{p) sin(tfc/)||i2(s) . 

fe=i 

Let us deform the constant function 1 to a function /o G C{B) such that 
Up) > ^peB, /o(0) = and ||1 - foWpt^B) < £, Up) = h{p') if bl = b'l- 
Then 

n 

II 1 - XI "'kip) sin(tfcp^)||i2(s) 

(2.57) 
<£ + /i(5)^ sup |/o(bl)-E«^'(bl)sin(4p^)|, 

|p|G[0,c] f.=l 

where /i(-B) is the Lebesque measure of the ball B. 

We consider a real algebra generated by Sfc=i ctfcdpl) sin(tfc |pp) on (0, c]. 
It is clear that sin(t |pp) separates points in (0, c] and for every \p\ G (0, c] 
there exists t & M such that sint|pp 7^ 0. Because we may choose a{p) such 
that a\B = 1 so our algebra separates points and nowhere vanishes in (0,c]. 
Thus applying Stone- Weierstrass theorem to Co(0,c] we have that 

n 

sup |/o(bl) - J2 «fc(bl) sin(tfc bHl < e 

|p|e(o,c] fc=i 

for some Oi, . . . , a„ and ti, . . . , t„. Finally 

n 

ll^2(p) - Y. fkip) sin(tfcp2)||L2 < ||^2||sup(l +yu(5)^)e 

A:=l 

which proves the assertion for S{p) = p^. The same proof works for £{p) = 
\/p^ + m^, m > 0. 

D 

To exploit the stochastic positivity EG(6) of the system ^^G and for the 
further development we shall introduce two basic concepts of the generalized 
thermal process and the generalized thermal random field. 

If should be emphasized that these concepts are heavily inspired by the 
abstract theory developed by Klein and Landau in [^ (see also 
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Definition 2.7 Any generalized, periodic (with the period 13) stochastic pro- 
cess {it)t&iR with values in V'{IR'^) will be called a thermal process (with the 
temperature (3) iff 

Tp(l) the process {C,t)teM is symmetric on Kp, i.e. 

^-/3/2<r</3/2V/6©{K<*) (^r, /) = (^-r, /) (^ law) (2.58) 

Tp(2) the process {^t)t€M is (locally) homogeneous i.e. 

V T.s^Kp V/gx)(iRd) {^T+s, f) = (^r, /) (in law) (2.59) 

T+s</3/2 

Tp(3) the process (6)teiR is OS-positive on K^ i.e. for any hounded F G 
Cfe(iR"), anyr"" e [0,/5/2]^"; /" G V{]R'^Y'^ 

< EF ((e-.n, /i) , . . . , (e-r„", fn)) F ((e.n, a) , . . . , (e.^, /„)) 

(2.60) 
Tp(4) the moments: 

^(fte^^'-''^) - 4?...,/. (-1' •••'-") (2-61) 

are continuous in r"- e {Kp)^"^ and on V{1R'^)^"' 
A thermal process ^ is called Euclidean invariant if additionally: 

Tp(5) the moments ( ^.61\ ) are invariant under the action of the Euclidean 
Group E{d) mV^B!^). 



A thermal process {^t)t€M is called tempered iff the moments ( \2. 61\ ) are con- 
tinuous on S{]R'^)^^, Lp-continuous iff the moments l \2. 61\ ) are continuous 
on LPiR'^y, etc. 

If (^t)j is a generalized thermal process then its corresponding path space 
measure construction leads to to concept of the random generalized field. 

Definition 2.8 Any generalized random field /i^ on V{Kj3 x IR^) (i.e. any 
probabilistic, Borel cylindric (PBC) measure) will be called generalized ther- 
mal random field iff' 
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Tf(l) 

y,ec^(K,) (0; r{g ® /)) = {(j); g (g) f) (m law /x^j (2.62) 

where r{g (g) f){T,x) = g{-T)f{x) , 

Tf(2) 

ygGC^(K0) (0; ts{g ® /)) = {(f); g® f) (m law /x^j (2.63) 

for any s > such that suppts(5') C [— /5/2, /9/2], where ts{g){T) = 
(7(t + s), 

Tf(3) i/ie /leW /i^ inOS-positive on the circle Kp, i.e. for any hounded cylin- 
dric function F based on {gi ^ fi, . . . ,gn^ /„), where gi G C°°[0, (3/2] 
for alii, fieV{R'^): 

< / (RF ((0, (71 ® /i) , . . . , (0, (?„ ® /„)) F {{(l),g^ ® /i) , . . . , (0, (7„ ® /„))) 

(2.64) 
where: 

RF ((0, ^1 ® /i) , . . . , (0, g^®f^)) = F ((0, r^i ® /i) , . . . , (0, r^„ ® /„)) 

(2.65) 

Tf(4) /or any r G i^/j t/ie random elements (0, 5t- ® /) (defined as a unique 
limits in L'P{dfi^) sense liniejo (0? ^t ® /)? Z^'" ^^?/ fnollifier 5:^ ^ 5,-^) 
exists and moreover the moments 

/(ne^<<^''-®^'^) =G(^!...,/„(n, ...,r„) (2.66) 

are continuous inr'' e ir|" ; /" G V{R'^y. 

Tf(5) a generalized random thermal field fi is Euclidean invariant iff the 
moments G^^^ are invariant under the natural action of E(d) in V^Mf"). 

Additionally: a generalized random thermal field fi will be called tempered 
iff the moments ( ^.6(\ ) are tempered distributions, L^ -continuous iff the 



moments \2. 66i ) are L^- continuous, etc. 
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Proposition 2.9 1. Let {^t)t be tempered thermal process with the tem- 
perature (3. There exists a unique (up to the unitary equivalence) W* 
KMS structure 

(T^ = (n^, Q^; ah vr^ : A{S{M'^)) — > L{n^), m« 

where 

nii = W*- {aiin^Wih))) . . . aiin^iWiU)))} 

with fi = j\ E S'(iR'^) real, whose Euclidean Green functions restricted 
to TT^ {A{S {M'^))) coincide with the moments G^. .(ri, . . . , r„) , i.e. 
for any -/3/2 < t, < . . . < t^ < /3/2: 



nh aUnHWifr.)))...ali7r^iWif^)))n^] 

= Gk...jM^---^r.) (2.67) 



2. Let fi be a tempered thermal field ( at the temperature j3). There exists 
a unique (up to a unitary equivalence) W* KMS structure 



(PM = (jiM^QM-a[^^;7r^^'^ G Rom *{A{S{1R'^)), L{n^''^))- m^^)^ 
where 

ti, . . .,t„ G iR, /i, ...,/„ G S'(iR ); fi = fi}, 

whose Euclidean Green function restricted to n'^^'^ (A{S{1R'^))) coincide 
with G'^ . (ti, . . . , Tn) . 

3. If the tempered random thermal fields fi is the path space measure of a 
tempered process {^t)t i-e. if: 

for a// Ti, . . . , r„ G Kf^; /i, ...,/„ G S{IR'^) then the W*-KMS systems 
(F^^) andW'^'^^ coincide. 



23 



Proof: 

Let {C,t)t be a given tempered thermal process at the temperature /? > 0. 
It follows from the definition |2.7| that the moments G P r (ri, . . . , r„) define 



on the abehan sector A{S{IR )) of the Weyl algebra 'W{S{IR)) a system of 
functions fulfilling EG(1)-EG(6) with modified EG(l)(ii): 

EG(l)(ii)' : the functionals 



are continuous and 






< 1 



and possible lack of EG(5)(ii). Also EG(3) should be properly modified. All 
these modifications however do not affect seriously the construction presented 
in the step 1 of the proposition ^75| . Proceeding analogously to step 1 of 
proposition ^]5| we can construct (E^. Similarly we prove the existence oi<X^. 
The identification oi(S^ andff^ follows from |2 .691 and the uniqueness part of 
(1) and (2). 

D 



It follows from the results of [0, stochastic positivity EG(6) and the 



proposition y,.b\ that the thermal structure of the free Bose Gas can be de- 
scribed fully in terms of the corresponding stochastic thermal structures 

Proposition 2.10 Let S{p) be given by ( |i^. j[ j and let < z be such that 
supp z exp{— pS (p)} < 1 . Then for any P > : 

1. There exists a unique (up to a stochastic equivalence) Gaussian thermal 
process {^t)teiR with values in V'{IR'^) such that: 

E (^0, /) = ; E ((^0, /) (^0, g)) = S^{\t -t'lf®g) (2.69) 
The process {C,t)teiR is Euclidean invariant, ergodic and L"^ -continuous. 

2. There exists a unique (up to a stochastic equivalence) Gaussian gener- 
alized thermal random field /Iq such that: 

/i^((0, /)) = 0, 

(2.70) 

/i^((0, '5r®/)(0, <5.'/)) = S^{\r~Tlf®g). 
The thermal field fXQ is Euclidean invariant, ergodic and L'^- continuous. 
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3. The generalized random field jjlq can he identified with the path space 
measure of the process {i^)t^iR i.e. for any hounded, cylindric function 
F with hase (n, /i), . . . , (r„, /„) 

EF ((e.„ /i) , . . . , iU, fn)) ^ l^^o im^, 5r,®fi),..., (0, <5.„ ® /„))) 

(2.71) 

4. Let z/q he a Gaussian measure on T)'(]R^) with mean zero and the co- 
variance given hy: 

4{{^J){V,9)) = CIU®9) (2.72) 

Then the measure Uq is the unique stationary measure of the process 
i^t)teM o-i^d z/q is equal to the restriction of ^q to the a-algehra atr = , 
i.e. /io|E(o) = ^0 > where 

S(O) = a{(0,5o®/) ;/G/GP(iR'^)}. 

Moreover the measure Uq is quasiinvariant under the translations hy 

Remarks 

Other well known examples of the generalized thermal processes arise in 
the study of two-dimensional models of Euclidean (Quantum) Field Theory 
( p3|, ^ ) and also in the context of the Euclidean version of the Bisognano- 
Wichman theorem |3^, Q. Similar stochastic thermal structures on the 
abelian sectors of the corresponding algebras of observables do appear also 
in the context of (an)harmonic lattice crystals |^, ^, ^ and certain spin 



systems 24, 35 



The common problem of all these examples is to construct a modular 
structure on whole algebra of observables from arising stochastic thermal 
structures on the abelian sector. In the case of the Free Bose Gas the com- 
plete solution of this problem is given by proposition B3. 



From the assumption sup^ \zexp{—(3£{p)}\ < 1 it follows that the opera- 
tor (1 — zexp{—pS{p)})~^ exists in L'^{]R'^) and is bounded, strictly positive 
and self adjoint. Let h^{lR'^) be the metric completion of the space T>{]R'^) 
equipped with the inner product 

(/, 9) = JW){1 - ze-^'^^^)-\x - y)g{y) dxdy. (2.73) 
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From the simple estimates: 

Wfh^iM^) < Wfh < (mf(l - ^e-^^(^)))"' ||/|k.(^.) (2.74) 

it follows that h^ is essentially equal to L2{M'^). Using the L^(iR'^)-continuity 
of the process ^° and estimates (|2.74|) we can define a version ^° of ^° obtained 
by extension of the index space 'D{]R'^) onto the space h^ . The new process 
^° is indexed by Kp x h^[]R'^). For any Borel subset / C Kp we denote by 
S(/) the smallest cr-algebra generated by |(f^, f)\t e J, f e h^{IR'^)\. For 
any t, s G Kp we will denote by [t, s\ the closed interval from t to s in the 
counterclockwise direction. The corresponding conditional expectations with 
respect to the a-algebras E[t, s] (S(J)) will be denoted by -En^^i (resp. E'j). 

Proposition 2.11 

1. For any allowed form of£{p), z such that \ze~^^'P^\ < 1 the correspond- 
ing free thermal process ^° has two-sided Markov property on Kp in the 
sense that: 

E[s,r\ ° -E'°r-,s] = -E'{r,s} ° -^°,s] (2-75) 

2. Let S(J) = a{(f)(t, f) \t & J, f & h^} be the corresponding a-algehras 
in B{V\Kp X IR'^)) and let E^[J) denote the corresponding conditional 
expectation values. Then the free thermal random field jjIq has the fol- 
lowing two-sided Markov property on Kp: 

E[s,r] ° -^[r,s] = -^{r,s} ° -^[r,s] (2-76) 

Proof: 

It follows easily easily that the operator h^^ = Hq + fil is a nonnegative 
selfadjoint operator in h^ (on the same domain as in L^{1R'^)). Moreover the 
covariance operator Fq (t) of the process ^° indexed by K/^ x hf. is given by: 

r^(t)=e-*'^" + e-(^-*)'^'' (2.77) 

Applying theorem 4.1 of |^2|] we conclude the proof of the first section. The 
second part follows easily by identification of (f){t, x) with C,t{x) given in propo- 
sition 12.101 and the density of V^IR''') in the space h^{lR^). 

D 



26 



2.2 Local aspects (The case S{p) = p^) 

Let A C M^ be a bounded region with a boundary dK of a class at least 
C^-piecewise. Then, for any h G C{dh) the selfadjoint extension — A^ of 
the symmetric operator —A defined on Cq°(A) can be constructed. It is well 
known that the arising semigroup {e^*^A , t > 0} is positivity preserving 
on L2(A) therefore there exists a stationary, with independent increments 
Markov process i3^(t) with values in A for which the kernel K\ ' of e~*^A 
plays the role of the transition function. 

Let Wa be the local Weyl algebra built over the space L2(A) and let W^ 
be its Fock space realisation in the Fock-Bose space r_i(L2(A). In particular 
we have 

W[{f) = e't^AW+^AC/)] = e^fj^if) (2.78) 

where a\ and aj are standard annihilation and creation operators in r_i(L2(A). 

Let P^^'^\dX) be the spectral measure for the operator — A^. Then, we 
can define finite volume thermal state ujq on W^ by the formula 

4^''Hw^f(/)) = exp-^Co^,(^,,)(/) (2.79) 

where 

CiiA,,(f) ^ {fKA,,if )),,,,, ■• (2-80) 

e„':,»„(/) = /i"»'"(<iA)i±i^ (2.81) 



It is well known (see i.e. |]T^) that for any monotonic sequence (A„)„ of 
bounded regions in IR^ and with sufficiently regular boundaries 9A„ tend- 
ing to M"^ by inclusion and for any sequence bg\^ G C((9A„) we have the 
weak convergence: lim^^ooC'Q ^^^ j,^-, = Cq if z G (0,1). The corresponding 

GNS construction applied to (W^(-; uJq ' ) leads again to W^*-KMS sys- 
temW^'^ = {ni''''^; 4^''); fif,^''^; al^''^; 4'''''\w[)") and the correspond- 
ing Green functions can again be easily computed and the analicity prop- 
erties similar to those of Eq established. In particular the corresponding 
Euclidean Green functions ^DQ{A,bQ\) again fulfill the system of axioms 
EG{1) EG{4:) and EG{6), therefore the whole discussion from the sub- 
section 2.1 can be repeated with obvious modifications. 
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Lemma 2.12 Let z = e^^^ he sufficiently small and let (A„) he a monotonia 
sequence of hounded convex regions in M'^ with houndaries 9A„ of class at 
least C^ and with mean curvatures uniformly hounded. Then for any choice 
of hn G C{dKn), any /i, . . . , fm ^ -^2 (A), s "^ & T^ we have the convergence 

lirrin^oo G'o(A„, 6„) ((si, /i), . . . , (s^, /m)) = Gq ((si, /i), . . . , [Sm, fm)) 

(2.82) 

Proof: 

The monotonicity in the boundary conditions: 
If hi{x) < 62(3;) for all x G 9A, then 

K[''^'^\x,y)>K[''^''\x,y) 
for all x, y G A, t > 0. Therefore 



-(A,6). 



-(A,0), 



sup |/CJ ' \x, y) - ICt{x, y)\ = |/Cj ' '{x, y) - /Ct(x, y)\ 

b£C{dA) 



-(A,0) 



(2.83) 



(2.84) 



for all t,x,y G A, where /C^^'^'' is the kernel of the semigroup {e~*^A (x, y), t > 
0}, where Aj^^ correspond to the Neumann boundary condition. By the 
(rough) estimate of |^ we have with our assumptions on (A^): 



}Ci'-''''"\x, y) - Ux, y)\ < Ce^H-'l- exp |-c [ ^^^^Kf ^^d{v.Kf \ | 

(2.85) 
for all x, y G A, t G iR, where C, c and A > are some constants. 

It is due to the quasifree nature of the states Jq ' that it is enough to 
consider the one time Green function only 



En^ 



G"(A„, 6„)((0, /i), (31, /2)) - ^G"((0, /i), (si, /2)) 



< 



exp 



(za(/i,e^^^'^'*(^"'''")/2)) 



(2.86) 



5o^(3i I /2 ® /2) - e^[-(/^-"^^^/^)-(^--^'V.%o^(,,, /, ^ /,) 



''A 



It is well known that lim^^oo e**^"^^^ +^1) = e**(-^+/^i) strongly in ^^(iR'^), 
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therefore we shall omit the symplectic factor in the last formula, concentrat- 
ing attention on: 



< Y: z-^''^ fdxdyMx)My) |/CJ^;i")^(x,y) - JC^pn+s){x,y) 

+ E z-^'-^'P jdxdyh{x)Uy) |/CJ^("„S)_.)(x,Z/) - /C(^(„+i)_.)(x,y) 



n.>0 



(2.87) 
Therefore localizing firstly /i, /2 and taking into account (|2.85|) we obtain 

Jim (^-^")^o^(s, h ® /2) = S^,{s\ h ® /2) (2.88) 

provided e~^^e^ < 1. 

D 

Remarks 

The restriction e~^^e^ < 1 is by no doubts only an artifact of the rough 



estimate ( |2.85|) used. It is natural to expect that actually this lemma is valid 
for all < 2; < 1. For a Dirichlet boundary condition the constant A can be 
taken equal and this gives the result of the independence of the limiting 
Green functions of the Dirichlet boundary condition in the full noncritical 
interval z G (0, 1). 

The finite volume, conditional thermal processes (resp. thermal random 
fields) will be denoted by ^^^'''^^^ (resp. /i^'^'''^^^). 

Having established properties EG(1) -^ EG (4) of the corresponding Eu- 



clidean Green functions ^D, 



(A.feaA) 




(resp ^^C, 



A£;^(A,fesA)^ 







we can construct again 



three different a priori W*-KMS structures: (Tq 
basic GNS system (Tq 



£Vr{A,feaA) 



EWA.feaA) ^^^ ^j^g 



(A.feeA) 



It appears that all the claims of a properly mod- 
ified proposition |2.5| are still valid and the proof is almost identical with the 



exception of the lemma |2.6| which is replaced by the lemma |2.13 . 

Let A be a bounded, open and connected region in M'^, d > 2 with a 
smooth boundary. Let us define — A^(/) = —A/ for / G Cq(A), where 
V{—A\) consists of those / G -Z^^(A) which satisfy 

a) /gC2(A), 
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b) 9"/(x) = h{x)f{x) for x G 9A , 

with 9" being normal inward derivative. It follows that — A^^^ for h G C^{dK) 
is densely defined, symmetric and strongly positive. Let V' be the Friedrichs' 
extension of — A^ to a self-adjoint operator. Then at it is well known (see i.e. 
[P7[]) the spectrum of a selfadjoint V' is purely discrete and all eigenfunctions 
of V' are real valued. Moreover the semigroup e~* * is of trace class. 

It is well known (see i.e. [^) that L\ possesses real- valued eigenfunctions 



{uk} associated with eigenvalues > Ai > A2 > .... Moreover {wfcjfcLi form 
a complete set in L^(A). 

Lemma 2.13 A linear space generated hy functions e**^ /, where t ^ M and 
f = J, f e L'^{A) is dense in L'^{A). 

Proof: 

It is enough to show that for every 

n 

f = Y1 ^kUk , ^fc G (F 
fc=l 

there exist to,ti, . . . , t^ G iR, /o = /q, /i = 7i, • • • ,/m = 7m from L'^{n) 
such that 

i=o 

We exploit the fact that e**^ = Y^^Li e**^''-Pfc, where P^ is the one-dimensional 
projector onto Uk- 

Let Zk = ttk + ibk , ttk hk G IR. Let us define to = 0, /o = I]fc=i afc^fc, 
m = 2n, tj = —tj+n for j = 1, . . . , n and 



/. 
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^j-Uj ioT j = 1, ...,n 



Then 



--^^ — Mj_„ for J =n + l, ...,m. 



2n ^ n 1 " A 



i=o fc=i ^ j=i '^i ^ 
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i,j_i 



Mj 



but 

^ ^ oo 



k=l 



So by putting tj = ^j- we obtain that 



2n ^ n n n 

J2 ^'^'^ fj = Yl ^kUk + i Yl ^3^J = Yl ^kUk 
j=0 k=l j=l fe=l 



In the sequel we shall need also the following Feynman-Kac formulae: 
Proposition 2.14 Let £{p) = p^ , and /ei < z < 1. 

1. For any f = J e L2{A), b G C+{dA) 



D 



Trr_,(L^(A)) e^'^AWr,, (, 



Trr„,(L^(A)) (r_i (e-/^(Ai+/^iA) 



(2.89) 



2. For any -/?/2 < ri < . . . < 7:„ < (3/2, fi = f„ ... J„ = /„ G L2(A) 

Trr.,(..(A)) {altfi^MW^im . . . Mt'Vvro(W^^(/.)))) r_i (e-^i^U^^^) 






,(A,b) / 



^_.,J^,.(<A,^.«/,) ^ 



(2.90) 



3. For any sequence (A^, &9A™) os m lemma ^.ISj , any —[3/2 < ti < 
■ ■ ■ ^ Tn < (3/2, fi, . . . ,fn & L^(iR'^) real and sufficiently small z limits 



lim ^ IT e 
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— -/cCAm.im) /. 



(resp. lim ^i'''"''^'^™^ TT eH^''^-.®/^) ), 
exist and are equal to 

resp 

3 Gentle perturbations of the free Bose Gas: 
Thermodynamic hmits on the abelian sec- 
tor 

We shall study the thermodynamic limits of the multiplicative-like pertur- 
bations of the free thermal field /Xq given by the following perturbations: 

^iff{d<j>) = ZX' exp W^{<j>,)f,ii''^\d<j>) (3.1) 

where the interactions W/<^{(f)^) will be of the following form: 

(LGP) the local gentle perturbations: 

Wt{<l)e) = A fdp{a) I dr I : e^"^^("'^) : dx (3.2) 

where: 

2 

: e^"'^^^"'^) : = exp — ^f (0, x) expm0,(r, x) 

dp is a complex, bounded measure with a compact support and such 
that dp{a) = dp{—a); 

(f)^{T,x) = {(/)* XtJi'^j^)^ where (Xt)e > is a positive mollifier i.e. 
< Xe ^ C^{1R'^), with support of size smaller than e and such that 
JXeix)dx = 1; 

A 

A is the strength of the perturbation 
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(nLGP) the nonlocal gentle perturbations 

iy«'(0j = Xf dr f dp{a) dp{a') 

' r (3.3) 

dx dy: e*"<^^(^'^) : V{x-y): : e*"*^(^'^) : 

A A 

where A, dp, 0^ are as in the local case, the kernel V is chosen to be Li 
integrable function. 

Lemma 3.1 For both choices (LGP) and (nLGP) the thermodynamic sta- 
bility bound 

Za = J dpf^^ exp WK{(t>e) < exp C • |A| (3.4) 

holds, where C is some constant depending on the details of the perturbations. 

Proof: 

We shall consider only the case (nLGP). By simple Gaussian calculations 
we obtain: 

dp[^^^\cl^)Wt{ct^.T 

= r I dT\l I dp{a)1 I dp{a')1 I dx\l I dy\l 

A A 

n 1 " 

n y{xi - yi) exp -- ^ aiajS^{Ti - Tj,Xi - Xj) 

-in T ^ 

^^P ~9 J2 Oi't'^'j^ei'^i - T-j, Vi - Vj) exp -- J2 c^iOi'jS^iTi - Tj, Xi - yj) 

(3.5) 
Using the positive definitness of S'f we can estimate: 



dpr\<i>)wi\<i>:r 



= |Ar/?"(Varp)2"exp (2nSf (0)) ||V||^ lA]" (3-6) 
which shows the bound ( |3.4| ) with 

C= |A|/5(Varp)2exp(2Sf(0)) \\V\\i. (3.7) 
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Moreover it follows that Za are entire functions of the coupling constant 

Ae(r. 

n 

The characteristic functionals of the perturbed measures /i^ f can be 
written in the following forms 



(LGP) case 



,(/3.m) (pi{cl>,g^f) 



^^A,e e 



exp -^S^ig ^f\g^f)J2-J^drr, I dp{a)[l 

^ n>0 ^- -"^ •' 



dx\-\{ 



i=l 



where: 



(nLGP) case 



^-ia,{g®f)*S^{Ti,x,) _ ^ 


PA,e(r,a;)" 


(3.8) 


^lf^\(p)[[ :e*"'<^^(""^ 


'):, (3.9) 



1=1 



^(M U{<t>,9^f) 



exp-l-S^oi9(^f\9(^f)T.-J dr\lfdp{a)\\ 

^ n>0 ^- -^^ "^ 



rft/|^/rfp(aOl"/%.)inn^^-^^ 



1=1 



n 



-i«, (g®/)*Sf (n ,x, ) -ft (g®/) *5f 



aA,,(r, (a,x)^, (Ay)") 



(3.10) 



where: 



o-A,, (rr, (a,x)^ (/3,|/)^) = A>r^ n : e 



(/3.m) ( TT . ^ia!0e(^!.a;O . TT . gJA0,(rj,j/() . 



Vi=l 



1=1 



(3.11) 



Employing the integration by parts formula we obtain the following equalities 
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(LGP) 



PA,e{T,x)'l = A"exp-^S'f(ri -Ti\xi -Xi)aiai 



i=2 



iaicf>^(Ti,xi) . 






aaiS^ {ti—t;xi—x) 



: exp s A / dr dx dp{a) (3-12) 



: e 



iaipeiTyX) . 



(nLGP) 



aA,.((r,a,x)^,(r,/5,i/)^) 

?i n 

= A" exp - J2 ttitti'S'f (n - Tijxi - Xi) exp - ^ piPiS^{ai - ai\yi - yi) 



i=2 



j=2 



/^A 



(/3,m) I TT . ^iai<j},(Ti,xi) . TT . ^iPi<f>,{ai,yi) 



: e ' 



U=2 

r/3 



i=2 



exp s A / (ir / dX{a) d\{(3) dx dy 



A A 



g-aoi5f {Ti-T,xi-z)g-/3/3i5f (ti-t,j/i-j/) _ j^ 



: e 



iaipe{T,x) 



: y(x - y) : e*/5'^^("'^) : }) 



(3.13) 



in which after an convergent expansion in powers of A we recognize the well 



known [^ Kirkwood-Salsburg-like equalities that hold between the correla- 
tion functions. A straightforward application of the contraction map princi- 
ple [^ or the methods of the dual pairs of Banach spaces ||38| leads to the 
proof of the following proposition in the (LGP) case. 

Proposition 3.2 (LGP) 

1. For |A| < \o{LGP), where 

\oiLGP)=exp(-a%iO,0)-l]C, 



/-I 

e 1 



(3.14) 
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where 

C[ = sup / dr f d\\\{a) /cix|e""'^^("'") - 1| , 

a' Jo J J 

al = sup{a^ G supp dX} , 
the unique thermodynamic limits 

lim pA,,(r,a,x)" = p,{T,a,x)1 

exist in the sense of locally uniform convergence. The limiting cor- 
relation functions p^{T,a,x)i are continuous, translationally invariant 
and have cluster decomposition property. Moreover, they are analitic 
functions in A for |A| < \q{LGP), 

2. Let 

\e{z\z-'^a^{lC)}n{\z\<i} 

where K is the corresponding infinite-volume KS- operator, 
(y^{K) is the spectrum of K in the corresponding Banach space B^ (com- 
pare with ^ ^). 

Then for any such A the unique thermodynamic limits 
Peir, a, x)i = lim pA,,(r, a, x)^ 

At-R^ 

exist in the sense of locally uniform convergence and are analitic func- 
tions in A. 

As a simple corollary we obtain: 

Proposition 3.3 (LGP) 

1. For \ &(E as described in point 1. or 2. of Prop. |J.ij the weak limit d^x^ 
of the measure dp^ ^ exists and the limiting measure dp^ is periodic in 
(3, symmetric on Kp, OS-positive on Kp. Moreover, dfi'^ is (weakly) 
analitic in A perturbation of the free measure dfXQ. 

2. For |A| < \q{LGP) the limiting measure dp^ is translationally invari- 
ant with respect to the translations of IR^ and is ergodic under the action 
of this group. 
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3. For A as in 1. the characteristic functional of dfi^ is given by the 
following formula 



^^, 



Li{4>,a®f)\ 



exp--S^ig®f\g^f) 

If " 

^ — / dp{a) drdxli Y[ 



n>0 



1=1 ■- 



-a,S^*{g»f){Ti,xi) _ 



p,{T,a,x)'l; 



(3.15) 



A minor modification of the original analysis of the Kirkwood-Salsburg 
identities enables us to control also thermodynamic limits for nonlocal gentle 
perturbation ( p.3| ) also. 

Proposition 3.4 (nLGP) Let W = {nGLP). 

1. For Xe(r : |A| < XoinLGP) where 

Xo{nLGP) = exp (-2alS,{0, 0) - l) (cf '^ 



/3 



Cf = sup / dr I d\X{a) / d\X\{a') 

'*y ■*y' •/ 



dx / dyV{x — y) 



-a"iSe{T,x) ^-a' ^' St{T,y) _ -^ 



a* = supja G supp dX} 

limd/i^'^ = dp/^ exists and the limiting measure dfi^ is: periodic in 
(3, symmetric on Kp, OS-positive on Kp. Moreover, dp/^ is (weakly) 
analitic in X perturbation of the free measure. The measure dfi^ is E{d) 
invariant and ergodic under the translations by IR'^. The characteristic 
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fX 



functional of d^^ is given by the following formula 

A (e^(0,,0/)) ^ exp -]^Cl{g ® f\g ® f) 

Y^- f d{r, X, ar, d{T', x', a'Ti fl V{x\ - x,) 

n 

n (exp (-a,5f * {g ® f){n, x^)) exp {-a[S^ * {g ® /)(r;, x',)) - 1 
a,^((r,x,a)^;(r',a;',a')i) 



(3.16) 
where: 

a^ ((r,x,a)?; (r',a;', a')^) = Im /^i,. (ll ^ e*"'^'("-^') : f[ : e^°-'^^(<'<) 



(3.17) 

In particular we have obtained the following functional integral repre- 
sentation of the corresponding multi-time Euclidean Green functions corre- 
sponding to the infinite-volume limit perturbations of the free Bose gas in 
the noncritical regime. 

Theorem 3.5 Let: Va = (LGP) or Va = (nLGP) and X e(F be restricted 
as in 1. of Prop. \3.4 or 2. of Prop, \3.2i in (LGP) case. Then the Euclidean 
multitime Green functions on A{h) are given by the following functional in- 
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tegrals 
^Gl...jSsi, . . . ,^n) = lim ""G'ft.jM^ . . . ,^n) = / df,X<p)l[e<^-'''^^^f^) 

A|00 J 

(LGP) Ef^O /„ „ \ 

oo 1 „ ^ ( ^ 1 

Y.— d{T, X, a)1 n \ exp -a^S^ * CE h ® f^)ixi) - 1 

n>0 "" i=l I /=1 J 

p,((r,a;,a)i) 

- <-^/i,...,/„l-5i, •••,o-„j 

^ / rf(r, X, a)^ dir', x', «)^ H ^(^* - ^i) 

n>0 «=1 

n n 

exp -Sf * (^ 5,, ® /.) (a;) - a'S^ * (J] 5,, ® /,) (a;') 
1=1 1=1 

/^L (n • expiai(l),{Ti,Xi) : ■ : expia;0,(r/,x;) : j 



(3.18) 



Some elementary albeit fundamental for the purposes of the present paper 
properties of the system are collected in the following proposition: 

Proposition 3.6 Let { ^G\ f„("5i; • • • , (^n)} be a collection of the Euclidean- 
multitime infinite volume Green functions constructed in Theorem \3.d^ . Then 
they can he extended by continuity to the Abelian sector A{h) of the Weyl 
algebra yV{h) and the continued Green functions denoted by the same symbol 
obey properties EG(l)^EG(5)i. 

Corrollary 3.7 Let \\\ < Xq{LGP) (for the case (LPG)) and |A| < Xo{nLGP) 
(for the case (nLGP)). Then the following perturbation expansions are con- 
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vergent: 

(3.19) 
where ( • ; • ; • ; • )q' denote the truncated expectation values with respect to 
the free Gas measure dfXQ. 

For a class of gentle perturbations of the free Bose gas stochastic structure 
another variety of the existence results can be established using the methods 
of [|, ^. For this let us assume now that our perturbations are of the 



following forms 

(LGP)e W^{<P,) = (3.2) 

but now dp is an even bounded real measure, A > or 

(nLGP)e WA{<f),) = (3.3) 

where dp is also an even bounded real measure and V G Li{IR'^) is assumed 
to be pointwise nonnegative i.e. V{x) > and A > 0. 

Proposition 3.8 Let dp\^ he a locally perturbed free Bose Gas measure by 
(LGP)e or (nLGP)e and let A > 0. Then the following correlation inequalities 
of the Frohlich-Park type are valid. 



1. 


^AiUA2 > ^Ai ■ ^Az ; 




(3.20) 


2. 


(0^(^®/); :cosa0, : (r,x))^'^<0, 




(3.21) 


3. 


/e*<^te®/). -Q^cosa.^,: (r„x,)\ ' <0, 

\ i=l / A,£ 

U^(9m^- [[-.COS a,<f),: (r,,x,)\ >0, 
( Y[ COS ai(f)e{si, Xi) Y[ COS pj4>e{tj, yj) j 




(3.22) 


4. 




(3.23) 


5. 


> 0. 


(3.24) 
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Proof: 

Basically the same as in |^ employing duplicate variable trick and the 
elementary trigonometric identities. 

D 



Theorem 3.9 Let us consider perturbation (LGP)e or {nLGP)e of the free 
Bose Gas thermal field d^Q. 



1. For any A > the unique thermodynamic limit 



(3.25) 



= ""^/i.-./J^i' • • • ' ^«) for -f3/2<si<...<Sn< (3/2 
exists and the limiting Green functions obey all the properties EG(l)^EG(5)(i). 
2. In particular the following estimates hold: 
(a) 

d^ 



(b) 



(c) 



Si{f®9\f®9) 



En\ 



i'^dai da2 



aig,a2g\J ' J ) 






<Sl{f®g\f®g) 



/i^ exp S* / dr f{T) / dx g{x)(j){T,x) 

<expRe—S^{f0g\f0g) 



Srifl ®92,...Jn®gn)^ /^e' ( H '^^^ fi ® 9i) 

n 

<a{n\)"^l[\S^{f,0g,\f,0g, 

i=l 



(3.26) 



(3.27) 



(3.28) 
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Proof: 

From the correlation inequality ( p.23 ) it follows that jj,\ ( e*'^*--^®^-' ) monotonously 

increase in the volume and that for real t fi'^ie^'^^'^'^^^j decrease as A | 
IR^. This leads to the statement that the unique limit liniA/iA fe''*-''^''^®^-') 
= /i^ /eC{0./®s)j exists and obeys the estimate ( p.27| ). Then the estimates 
( p.28| ) follow by the application of the Cauchy integral formula and the analic- 
ity in C of /i^ (e'^(</'./«59)) . Although the estimate j ^M ) follows from (^2§ its 
independent proof follows easily from the correlation inequality ( |3.21| ) which 
says that fi\{4>, f ® gY is monotonously decreasing in the volume. 

Integrating by parts on the functional space T>'{Kp x M'^) with respect 
to the measure (i/i^(0) the following formulae are obtained: 



Er^X 



Gaj,,...J„[Si, ...,SnJ ^-^^ 



oo \ fc „ 

y^ — - / dr dx d\{a) 

^ k\ JAxKfixlR 

1=1 L 



From the correlation inequality ( p.24| ) if follows that 

nl : Y[ cos ai(f)e{Ti,Xi) : = C^{ai,Ti,Xi\'l) 



i=l 



(3.29) 



(3.30) 



monotonously increase in the volume A and because they are uniformly 
bounded 

C^^(r„x,r/)| <expi/?2^Cf(0), (3.31) 

the unique thermodynamic limits liniAC^ = C^ exist pointwise on {Kp x 
iR^)*^". From this, the existence of pointwise limits 



lim/i^ I n : e^"^'^^^"^'^^) ■ 




(3.32) 
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follows in the same way as demonstrated in [Q by the application of another 



correlation inequitity (originally due to Pfister |41]) not listed in proposition 
XB but formulated in [OT in a similar context. Finally the proven pointwise 



convergence is sharpened to the local uniform one by a standard application 
of the Mayer- Montrolle identities, see i.e. |^. From the obtained con- 
vergence the following expression for the infinite-volume Euclidean Green 
j^(si, . . . ,Sn) follows easily from ( p.29|) : 



functions ^Gj_ 



EryX 



^/i,...,/„l'5l' ■ ■ ■ ^Snj 



EnO 



G 



dr dx dX{a) 



k\ JlRpxM'^xlR 



k>0 

k 

n 

1=1 



■Yl'j=i°'^^^*(^= 



,) 



(3.33) 



n 

\i=i 



Jaifflein^Xi) . 



The case of nLGPg is analised in a similar way. 



D 



Remarks 

The existence and uniqueness of the thermodynamic limits for the Euclidean 
Green functions ^G)_^ /.J-^i' • • • ' ■^") follows easily from the correlation in- 



equality ( |3.23| ) and the uniform bound: 



< 1. 



(3.34) 



Using the methods based on the analysis of the corresponding Kirkwood- 
Salsburg identities one can study the gentle perturbations of the local, free, 
conditioned thermal fields described in the section 2.2. 

For this goal let us consider a perturbation of the free, conditioned (by 
bgjy G C{dA)), thermal field yUg ' of the form: 



riV^'^V'^) = Zx'ib9A)expWA{<l>.) rf/i^ '^^^($) 



where: 



^A,.(M=/^o^''''^(explVA) 
and Wa($.) is given by (^) or (jS^). 



(3.35) 
(3.36) 
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Theorem 3.10 Let (A^) be any arbitrary net of bounded subsets of IR'^ with 
the boundaries of class at least C^-piecewise. Additionally we shall require 
that the mean curvature of dA^ is uniformly bounded in a. Let {bg/t^ ) be a 
sequence of continuous boundary conditions. 

Then for \\\ < \q{LGP), ifWf, = LGP (respectively \\\ < \o{nLGP), if 
PVa = nLGP) the unique thermodynamic limits 

exists in the sense of weak convergence and moreover Ji/^ = fi^. 
Proof: 



The method of the dual pair of Banach spaces as explained in [38] and 



applied in the similar situation in ||3^, ^ is applied. 

D 

Remark 



The method of |3^, ^, ^ gives the existence and independence on the 
classical boundary conditions of the limiting thermal field /i^ in a larger set 
of A (see also point 2 in Prop |3.3| above). 

As a corollary we have the following result: 

Corrollary 3.11 Let {Aa)a, (&9Ac.)a be as in Theorem \3.1(\ and let^Dx{Aa, 
bdAc) ^6 the system of the Euclidean Green functions corresponding to the 
gentle perturbations of the local, conditioned, free W*-KMS structure re- 
stricted to the Abelian sector A{h\) o/ W(feA). Then for A as in Theorem 
\3.1C\ and < z < 1 sufficiently small the unique thermodynamic limits of the 
corresponding Euclidean Green functions exist and are equal to those obtained 
in Theorem \3.3 and Theorem [57 



All the constructed in this section systems of limiting Euclidean Green 
functions obey properties EG{1) -i- EG{5){i) and corresponds to some gen- 
eralized thermal processes. 

Therefore the general reconstruction procedures of |^ applies, (see Propp79| 
leading to certain Vr*-KMS structures Further analysis of the derived W*- 
KMS structures is contained in the forthcoming papers. 
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4 Concluding Remarks 
4.1 

For the finite volume perturbations of ttie free tfiermal field /Xg ''^ tfie cor- 
responding nonhomogeneous process {Q ' )teKi3 has two-sided Markov prop- 
erty on Kj3 in the sense of Prop |2.11| . The interesting and important question 
is whether the homogenous hmits A | M'^ preserve the above Markov prop- 
erty. For a gentle perturbations of a class of lattice anharmonic crystals some 
results on the preservation of the two-sided Markov property in the thermo- 
dynamic limit have been established in |^. A constructive route for the 
verification of the two-sided Markov property will be formulated below. 

4.2 

The notion of DLR equations for the gentle perturbations of the abelian 
sector of the free Bose Gas in the Euclidean region can be introduced. For 
this goal, let us denote by n(A'^) the orthogonal projector (in the space 
n^ = m.c. [C{Kf3) X D{R'^);S^)) onto the subspace n^{A^) = m.c. {C{Kp) 

X C^{K% 5*^) , for A C B!^ open and bounded. 
The free thermal kernel Sq is then decomposed as: 



^0^ = ^%^ + ^ X (4.1) 



where: 



^""^o^ = 5o^ o (l - n(A^)) ; ^"^nl^ = 5o^ o n(A^) (4.2) 

Let /ig be a Gaussian random field with the covariance given by "^ Sq. It is 
clear that the symmetricity and OS positivity on Kp of the free conditioned 
Gaussian random field jjlq is preserved and moreover /Xq — > /Iq weakly as 

Let E°(A'-^) be the (//^-complete) a- algebra generated by the random 
elements of the form ($, /), where / G Tig (A*"). Then the conditional 
expectation values of the measure /Xq with respect to the cr-algebras TP{A.^) 
are given by: 

E,,{F\TP{k^)]{^>) = ^f {F{ . + Uldn (4.3) 
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for: Ho — a.e. "^ E V'{Kp x IR^), where 

(nicW, /> = <^, nAc(/)). (4.4) 

The corresponding conditional expectation values of the perturbed measure 



are: 



/xf (expiyA(- + n;;eW) 

for /io — a.e. ^ G ©'(/sT/j x iR'^). 

In analogy to |2^ (see also [^, ^) we define a classical thermal Gibbs 
measure corresponding to the gentle perturbation of the free Bose Gas as 
any probabilistic, cylindric Borel measure /i on V^Kp x M'^) such that 

/ioE^,^{s(A^)} = /i (DLR). 

for any open bounded A C M!^. 

It is evident that any solution of (DLR) defines a thermal random field 
in the sense of Def p.8| . Some results about the uniqueness of the solutions of 
(DLR) generalizing slightly Thm |3.1(J| shall be reported elsewhere (see also 



The introduced concept of the classical thermal Gibbs measure will be 
of particular interest in the case of polynomial perturbations where several 
solutions of the corresponding (DLR) equations may exist 



Using (DLR) equation the constructive approach to the problem of preser- 
vation of the two-sided Markov property on the circle Kp for the limiting 
thermal random field /i^ can be formulated. The idea is to show that for /i^ 
— a. every ^ G V'{IR'^) the limits: 



^C 



limi?,.,^{F|S°([t, .]^xA^)}(vI/) 



(where S ( [t, s] x A*^) is the a-algebras generated by the random elements 

($, g ® f), with g supported on the segment [t, s] and / supported in A*^) 
exist and are equal (/i^ a.e.) to the conditional expectation values: 

E^.{F|s([t, sf)]{i,) 

Details of the proof, that indeed, for small values of |A| this is true, will 
be reported elsewhere ITSf . 
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4.3 

For a bounded A C IR'^ the theory of bounded perturbations of the KMS 



structures (see i.e. ||13, Ch. 4 and references therein) can be apphed in the 
thermal representation enabhng us to study the gentle perturbations on the 
whole Weyl algebra. It is proven in |]l8l that again the nonhomogeneous 



thermal process (^j ' )teK,s determines the corresponding iy*-KMS structure 
obtained from the corresponding GNS representation. The important prob- 
lems of constructing the perturbed (euclidean-time) Green functions on the 
whole Weyl algebra W(/i) and the questions whether the corresponding ho- 
mogenous process {^t)teKfi determines them and also whether the limiting 
14^*-KMS structure on >V(/i) forms a modular structure will be a topic of an 
another paper in this series. 

4.4 

The Abelian sector of the free Bose critical gas can be described in the 
Euclidean region by certain nonergodic Gaussian generalized thermal process. 
Results complementary to those contained in the section 2 for the critical 
gas are obtained in |T^, where also, thermodynamic limits of the gentle 



perturbations on the Abelian sector have been controlled by applications 
of the Frohlich-Park correlation inequalities. The most interesting result of 
these investigations is that nonergodicity of the limiting, perturbed thermal 
process is preserved. Whether this is connected to the preservation of the 
Bose-Einstein condensate in the interacting system remains to be answered. 

4.5 

More general, unbounded perturbations (i.e. of polynomial type) will be 



described in an another paper of the planned series |]T8[. Standard tools 
of constructive Euclidean Quantum field theory like the high (and the low) 
temperature cluster expansions are used to study the corresponding pertur- 
bations of the free thermal structure on the Abelian sector. 
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